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Overview

Introduction to PDE constraint optimisation.

A toy example.

Optimality - An optimisation framework for fluidity based
models.
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Introduction

We are interested in optimisation problems with partial differential
equations as constraints.

PDE-constraint optimisation problem

Find control g and state Φ such that:

min
g
J (Φ, g) subject to F(Φ, g) = 0

a ≤ g ≤ b

J is the functional, F is the PDE-constraint and a, b are the
box constraints.

What if you want to maximise?
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Example 1: Boundary control

Cool or heat the boundary of a material such that the result fits
best the observation.

min
g

1

2

∫
Ω

(Φ− Φobs)2dΩ +
α

2

∫
∂Ω

g2d∂Ω

subject to

−∆Φ = 0 in Ω,

κ
∂Φ

∂n
= g − Φ on ∂Ω,

a ≤ g ≤ b

Φobs is an approximation f the solution. κ is the heat coefficient
and a, b are upper and lower bound for the controls, respectively.
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Example 2: Distributed control

Cool or heat the interior of the domain such that the result fits
best the observation.

min
g
J (Φ, g) :=

1

2

∫
Ω

(Φ− Φobs)2dx +
α

2

∫
∂Ω

g2d∂Ω

subject to

−∆Φ = g in Ω,

Φ = 0 on ∂Ω,

a ≤ g ≤ b

Φobs is an approximation of the solution. and a, b are upper and
lower bound for the controls, respectively.
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More examples

Optimal design: Optimise design parameters in the model,
e.g. wing shape of an airplane.

Parameter estimation: inverse problem that seeks unknown
parameters using some a priori knowledge of the solution.

...
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How can we solve these problems?

First optimise, then discretise

Idea:

1 Starting point is the system of first order necessary optimality
conditions.

2 Discretise and solve the resulting system.

Advantages:

Free choice of function space for the adjoint variable.

No trouble with discontinuous discretisation methods (like
slope limiters)
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How can we solve these problems?

First discretise, then optimise

1 Discretise all quantities. The result is a finite dimensional
optimisation problem.

2 Solve this using an optimisation algorithm.

Advantages:

Consistent gradient

We will take this route. So how do these “optimisation
algorithms” work?
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First discretise then optimise

1) Discretise

min
g

J (Φ, g)

F (Φ, g) = 0

Assuming that for any choice of g there is exactly one state Φ, we
can define Φ = F−1

g (g) this system can be simplified to:

min
g

J(F−1
g (g), g) =: min

g
Ĵ(g). (1)

Ĵ is called the reduced functional.
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First discretise then optimise

2) Optimise
We now have a problem of the form:

min
g

Ĵ(g).

Most efficient optimisation algorithms rely not only on functional
evaluations but also on derivative information.

Reminder: If the adjoint is available, Ĵ ′(g) can be computed
efficiently

If λ is the adjoint solution, then the derivative of the reduced
functional is given by:

Ĵ ′(g) = −λT ∂F
∂g

.
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General descent methods

General descent methods

Choose an initial control g0.

For k=1,2, ...:

1 If Ĵ ′(gk) = 0 STOP.

2 Choose a descent direction s, i.e.
〈
Ĵ ′(gk), sk

〉
< 0.

3 Choose a step size σk > 0 such that Ĵ(gk + σsk) < Ĵ(gk).
4 Set gk+1 = gk + σks

k .

A line search is used to determine σ.
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Steepest descent method

Take the steepest descent direction for s, i.e. sk = −Ĵ ′(gk).
Even if we choose the ”optimal” step size, the steepest descent
method has poor convergence properties.

Figure: The steepest descent method applied to the Rosenbrock function.
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Line search methods

Armijo rule

Find σk such that the Armijo conditions holds:

Ĵ(gk + σsk)− Ĵ(gk) ≤ σkγĴ ′(gk)sk .

Powell Wolfe rule

Find σk such that the Powell Wolfe conditions holds:

Ĵ(gk + σsk)− Ĵ(gk) ≤ σkγĴ ′(gk)sk ,

Ĵ ′(gk + σks
k)sk ≥ ηĴ ′(gk)sk .

with 0 < γ < 1
2 and γ < η < 1.
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Newton method

Define G (g) := Ĵ ′(g).

In a minimum g∗ we have Ĵ ′(g∗) = G (g∗) = 0.

Therefore, the Newton method for finding roots can be
applied to G:

Newton method

0. Choose an initial control g0.

For k=1,2, ...:

1 If G (gk) = 0 STOP
2 Solve the Newton equation: G ′(gk)sk = −G (gk)
3 Set gk+1 = gk + sk

Note: Ĵ must be twice differentiable!
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Quasi-Newton methods

Often, computing the first derivatives is hard enough and
second derivatives are not available!

The idea of Quasi-Newton methods is to replace the Hessian
of Ĵ(g) by an invertible, symmetric matrix H(g).

A very common Quasi-Newton method is the BFGS method ...
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BFGS method

BFGS method

Choose an initial control g0 and an approximate Hessian
matrix B0.

For k=1,2, ...:

1 Obtain a direction sk by solving: Bksk = −J ′(gk).
2 Perform a line search to find an acceptable step size σk .
3 Update gk+1 = gk + σksk .
4 yk = Ĵ ′(gk+1)− Ĵ ′(gk).

5 Bk+1 = Bk + yk (yk )T

σk (yk )Tsk
− Bk sk (Bk sk )T

(sk )TBk sk
.

A improved algorithm is obtained when the history to compute
Bk+1 is limited, known as L− BFGS .
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Constrained optimisation

Often box constraints are known for the controls, i.e. the problem
has the form:

min
g

Ĵ(g)

a ≤ g ≤ b

Typical optimisation algorithms for problems with box constraints
are:

Projected gradient method

BFGS-B, L-BFGS-B

Sequential quadratic programming (SQP)
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A manufactured toy problem

Optimisation with the 1D linear shallow water equation as
constraint.

min
g
||η(t = 1)− ηobs ||2L2

subject to

∂u

∂t
+ G

∂η

∂x
= 0

∂η

∂t
+ H

∂u

∂x
= 0

periodic boundary conditions

u(t = 0) = u0

η(t = 0) = g

(2)

G and H are the gravity constant and the mean layer thickness,
respectively.
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A manufactured toy problem

Choose G = H = 1, Ω = [0, 1] and

u0(x) = sin(2πx)

ηobs(x) = − sin(2π(x + 1))

Then a solution of the optimisation problem (2) is:

u∗(x , t) = sin(2π(x + t))

η∗(x , t) = − sin(2π(x + t))

g∗(x) = − sin(2πx)

where ∗ denotes the optimality of the variable.
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A manufactured toy problem

Figure: Optimisation algorithm: BFGS, Runtime: 24.2s
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A manufactured toy problem

Figure: The control parameter: Initial layer thickness η.
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A manufactured toy problem

Obviously we do not feed enough information into the problem.
Possible solutions:

Regularise the functional.

Add more constraints

Add more measurement data.

Since we know the correct answer, it is easy for us to add more
measurement data. Therefore we change the functional to:

min
g
||(η − ηobs)(t = 0.5)||2L2

+ ||(η − ηobs)(t = 1)||2L2
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A manufactured toy problem

Figure: Optimisation algorithm: BFGS, Runtime: 18.5s
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A manufactured toy problem

Figure: The control parameter: Initial layer thickness η.
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A manufactured toy problem

Still not perfect ...

And suppose we do not have any other observations than at
time step 1.

But instead we know some box constraints for the control
=>
Enforce control values to be between [−1, 1]
(which is true since the correct control is a sin function).
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A manufactured toy problem

Figure: The control parameter: Initial layer thickness η.
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A manufactured toy problem

Still not happy with the result? Let’s add some resolution (the
important one is temporal resolution for this particular problem)!

Simon Funke, Patrick Farrell Optimality



Introduction
PDE-constraint optimisation

Optimality

Solving strategies
First discretise, then optimise
Unconstrained optimisation algorithms
Toy problem

A manufactured toy problem

Figure: Optimisation algorithm: BFGS, Runtime: 93s
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A manufactured toy problem

Figure: The control parameter: Initial layer thickness η.
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A manufactured toy problem

Since we know the analytical solution, we can look at the
convergence rate!

Convergence rate

Mesh elements 20 40 80 160
Time step 0.25 0.125 0.0625 0.03125

Rate of convergence for η(t = 0) 1.87 1.93 1.97
Rate of convergence for u(t = 0) 0 0 0 (why?)
Rate of convergence for η(t = 1) 2.44 2.00 1.98
Rate of convergence for u(t = 1) 1.87 1.93 1.98
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What is it (for)?

Goal: Making the set up of optimisation problems so easy
that it’s fun!

Optimality is the connector between the optimisation
algorithm and the fluidity model.

Interfaces to any fluidity based model (currently: Shallow
water equation and Burgers equation).

Interfaces to scipy.optimize which offers many optimisation
algorithms (constrained and unconstrained).

Written in python!
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How does it work for the user?

1 Create a forward model diamond file:

Set up your forward problem as usual.
Code up the functional of interest (using python).
Select the controls you want to optimise.

2 Create an optimality diamond file:

Specify the location of the forward model file.
Choose the optimisation algorithm.
Select the functional/controls you want to use for the
optimisation (you might have several functionals!)

3 Run optimality and watch...
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Optimality - Behind the scenes
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Summary and outlook:

The shallow water and Burgers equation are
”optimality-ready”.

Tests are available for the shallow water code in 1d/2d/sphere.

Currently: An optimisation approach to accelerate the spin up
time of tides on a sphere.

An adjointed model can be made ”optimality-ready” in a
short time. The next steps towards an adjointed fluidity are:

Apply libadjoint to the nonlinear terms in the Burgers equation.
Start adjointing the fluidity code.

Interested? Check out lp:˜fluidity-core/fluidity/adjoint
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